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As a remarkable prediction of general relativity (GR), the existence of black holes is supported by a lot of observational evidences, including the recent observation of Event Horizon Telescope [1] . Theoretically, the Bekenstein-Hawking formula of black hole (BH) entropy [2] brings together the three pillars of fundamental physics, namely GR, quantum mechanics and statistical mechanics. Thus, on one hand, it is generally expected that the statistical mechanical origin of BH entropy should be accounted by a quantum theory of gravity [3] . On the other hand, the computation of BH entropy from basic principles is an important test for any candidate theory of quantum gravity. While the definition of the event horizon of a BH is global and hence not suitable for describing local physics, the notion of an isolated horizon (IH) is quasilocally defined [4] . It turns out that the thermodynamical laws of BH can be generalized to those of IH [5] . Various attempts have been made to account for the entropy of certain IH by the wellknown theory of loop quantum gravity (LQG) [6] [7] [8] [9] . In the schemes appeared so far, one calculates the dimension of horizon Hilbert space compatible with a given macroscopic horizon area. Thus the treatments are essentially to consider only spherically symmetric IH. In this letter, we propose a new and reasonable scheme for the computation of entropy of a general IH in LQG.
Alternative to the Chern-Simons theory description of the IH degrees of freedom with either U (1) [10, 11] or SU (2) [12, 13] gauge group, the SO(1, 1) BF theory description of the horizon degrees of freedom admits its application to all dimensional IH [14, 15] . Moreover, in comparison with the SU (2) Chern-Simons approach where the area of IH has to be fixed in order to obtain the desired symplectic structure [12, 13] , the area of the horizon is not fixed but encoded in the dynamical B field in the BF approach [14] . Hence, in the BF approach, the covariant phase space of the system is enlarged so that all spacetime solutions with any IH as an inner boundary are included. Note that for a spherically symmetric IH, a SU (2) BF theory can also be obtained to describe the horizon degrees of freedom [16] . Alternative to the standard area operator [17, 18] in LQG, a flux-area operator was also proposed [19] for calculating the IH entropy. In the Chern-Simons approaches, the value a k of the area of IH in the Chern-Simons theory at level k does not coincide with the spectrum of the standard area operator in LQG and hence one has to introduce an area interval [a k − δ, a k ] to ensure their consistency [11] , while the spectrum of the flux-area operator is evenly spaced and hence coincides with a k exactly [19] . Taking account of the above facts, we will take the SO(1, 1) BF theory approach and employ the flux-area operator to study the entropy of an arbitrary IH in LQG.
According to their symmetries, isolated horizons can be classified into three categories: Type I (with spherical symmetry), Type II (with axisymmetry) and Type III (without symmetry other than the "equilibrium" of the intrinsic geometric structures). To consider the entropy of IH, the first challenge is how to characterize classically a general IH other than Type I, since the area can not determine uniquely its intrinsic geometry. While a natural attempt to address this issue is to define the geometric multipoles of a general IH, which is certainly difficult and still far from reaching [20, 21] , we will take a new viewpoint that the local areas of its "small enough" patches can characterize the intrinsic classical geometry of a general IH. The terminology "small enough" can be understood as being macroscopically indistinguishable from points but still containing huge degrees of freedom microscopically.
Consider a 4-dimensional spacetime region M with an arbitrary IH ∆ as an inner boundary. The initial data locate on a spatial slice M with the inner boundary H = M ∆. Starting from the Palatini action of GR on M, by the covariant phase space method, one can obtain the symplectic structure of the gravitational system as [14] Ω(δ 1 ,
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where the conjugate pair for the bulk consists of the twoform Σ i determined by the co-triad field e i a on M by Σ i = 1 2 i jk e j ∧ e k and the Ashtekar-Barbero SU (2) connection A i with γ being the Immirzi parameter [22] , and the conjugate pair for the boundary consists of the oneform B related to the two form Σ 1 in H by Σ 1 8πG = dB and one-form A representing certain component of the Lorentzian connection and satisfying dA = 0. To arrive at (1), the internal gauge freedom of the spacetime co-tetrad e I a was fixed on ∆ up to the local Lorentzian transformations in the plane formed by {e 0 , e 1 } [14], i.e., the remaining gauge group is SO(1, 1), which is the essential gauge freedom of the tetrad adapted to H and the null hypersurface ∆. Note that Σ 1 equals to the volume element of H up to orientation. It turns out that under a SO(1, 1) boost, the one-form A transforms as a connection while B is in its adjoint representation. Hence the boundary symplectic structure coincides with that of SO(1, 1) BF theory. In the quantum theory, to adapt the structure of LQG in the bulk, the IH degrees of freedom can be described by the quantum BF theory with the "intersections" of the spin networks and H as sources.
Consider the graph Γ underlying a spin network state intersects H by n intersections P = {p i |i = 1, · · · , n}, for every p i we associate a small enough neighborhood s i . The physical degrees of freedom of the sourced BF theory are encoded in the variables f i = si dB. Then the corresponding quantum Hilbert space of the boundary BF theory reads H P H = L 2 (R n ), and the bulk kinematical Hilbert space H P M can be spanned by the spin network states |P; {j p , m p }, · · · where j p and m p are respectively the spin label and magnetic number of the edge e p with an end point p ∈ P. The integral Σ 1 (H) = H Σ 1 can be promoted as an operator in H P M aŝ
while the eigenvalue of the flux-area operatorâ f lux H on the same eigenstates reads [19] :
The space of kinematical states on a fixed Γ, satisfying the boundary condition, can be written as
where H P H ({γm p }) denotes the subspace corresponding to the spectrum {γm p } in the spectral decomposition of H P H with respect to the operatorsf p . For a BH, the spherical topology of H imposes an additional restriction on Σ 1 (H) such that p∈Γ∩H m p = 0, which is called projection constraint. Thus, for a given horizon area a H , the horizon states satisfying the boundary condition are labelled by sequences (v 1 , v 2 , · · · , v n ) at the intersections subject to the projection constraint, where v i = 2m i are non-zero integers.
For a given horizon H of a BH with a spherical topology and any physical metric q, if the scalar curvature is positive almost everywhere, there exists a unique fiducial round metricq on H [21] . Hence one can divide H into "small enough" patches {O (i) } such that each O (i) has the same area measured byq. For instance, the partition can be realized by triangulation. The total number K of the patches should satisfy 1 K
a H is the area of H measured by q. Let 4πγ 2 p a (i) be the physical area of O (i) . By fixing once and for all a way to order the patches O ≡ {O (1) , O (2) , · · · , O (K) }, we obtain a corresponding ordering area number sequence {a (1) , a (2) , · · · , a (K) } with
, which is called a "shape" of H with the total area a H . A way to assign the ordering of the patches is shown in Fig. 1 To calculate the entropy of an IH with a given shape, we will trace out the degrees of freedom corresponding to the bulk but take account of the horizon degrees of freedom [11] . It should be noted that one only needs to consider the diffeomorphism equivalence class of the ordering patches O as well as the intersections in each patch, while the possible positions of the patches and the intersections are irrelevant. As in the usual treatment in LQG [11] , we assume that for each given ordering sequence (m 1 , m 2 , · · · , m n ), there exists at least one state in the bulk Hilbert space H P M , which satisfies the Hamiltonian constraint. Then the dimension of the boundary Hilbert space H H is given by the number of ordered sequence (v
2 , · · · ) subject to the following piece-area constraints and projection constraint
where a quantum number V (j) ≡ i v (j) i is defined for each patch O (j) . Note that Eqs. (2) and (3) imply that a H 4πγ 2 p has to be an even positive number. To solve the above number-theoretic and combinatorial problem by the generating function method [23] [24] [25] [26] , we define the one-step function of each patch O (j) by
Then the generating function for O (j) reads
The total generating function is the product of each
in the expansion of Eq. (4) equals to the dimension of H H satisfying (2) and (3) for the horizon H with the given shape {a (j) }. While the analytic calculation of this coefficient is difficult, we can employ the following operational scheme for its numerical computation. For a given shape, one first compute the total microstate number for a possible quantum number sequence {V (j) } by neglecting the projection constraint as
Then the total microstate number satisfying the projection constraint can be calculated by
where the projection constraint is realized by demanding
It turns out that the numerical computations of the entropy S = ln N ({a (j) }) for small black holes indicate the formula:
This formula has the following convincing features. The coefficient ln 3 πγ of the leading order term in (5) matches the results in other approaches employing also the fluxarea operator [14, 19] . The coefficient − 1 2 of the subleading logarithmic correction term matches the results of U (1) Chern-Simons theory approaches [19, 27] . The next order correction term containing K matches the result of SO(1, 1) BF theory approach for spherically symmetric IH with K = 1 [14] . Since the absolute error of entropy equals to the relative error of microstate number at first order approximation, i.e.,
the validity of the formula (5) can be checked by its absolute error ∆S with the entropy S of the numerical computation in various examples. For spherically symmetric BH, every area number of the shape sequence takes a same value a (j) =ã. The numerical results of the entropy S are compared with the error ∆S in Table I for different sizes of small black holes and different numbers K of partition. The relative errors ∆S S are in the order of 10 −4 ∼ 10 −5 . It also indicates that, on one hand, for a given partition number K, the absolute error ∆S decreases in inverse proportion as the area numberã increases. On the other hand, for a givenã, ∆S increases as K increases. Further numerical computations indicate that there is an upper bound for ∆S as K increases for a givenã, and the upper bound of ∆S decrease asã increases. Thus in the extreme case ofã = 1, the upper bound takes the maximal value ∆S max ≈ 1 2 ln 2. The numerical results of S and ∆S are compared for different sizes and shapes of small black holes in Table II with the fixed partition number K = 5. As expected, for a given total area, the spherically symmetric BH has the maximal entropy, and the entropy decreases as the BH deviates from the most symmetric one. It also indicates that the entropy difference between any two black holes with different shapes is within their absolute errors ∆S. This explains why the entropy formula (5) does not depend on the shape of a BH, which should contribute higher order corrections than those in (5) . Further numerical computations indicate that the absolute error ∆S is at the order of 4πγ 2 p K/a H in large area regime. The numerical results of the entropy S satisfy
The lower bound of S occurs at a H = 8πγ 2 P and K = 1, while the upper bound occurs at K = a H 4πγ 2 P with a H → ∞.
Let us summarize with a few remarks. The enlightening idea of this letter is to employ the ordering area number sequence {a (1) , a (2) , · · · , a (K) } to characterize the shape of a BH. This characterization is valid for any horizon H whose scalar curvature is positive almost everywhere. Hence the entropy calculation method which we proposed can be applied to all three types of IH. A delicate issue here is how to choose the partition number K for a given H. Note that one of the motivations for partitioning H as {O (i) } is that the area of a classical horizon cannot be generated by its one or several intersections with spin networks. Corresponding to a classically nonvanishing volume element of H, there must be at least one intersection with spin networks for each patch O (j) which is macroscopically indistinguishable from a point. Thus one reasonable choice is to ask the number K to be proportional to the area a H and fix its value by assigning a mesoscopic scale δ to a H K . Then the entropy formula (5) becomes
Since the introduction of δ = a H K is due to the consideration of area contribution from quantum geometry, there is no reason to assume that the coefficient
3 should be included into the coefficient 1 4 of the Bekenstein-Hawking entropy formula which concerns only classical geometry. Therefore, Eq. (6) still suggests the Immirzi parameter as γ = ln 3 π , while the very small number 4 2 P δ 2 ln 2 3 can be regarded as a correction from quantum and semi-classical geometries. As a new quantum gravity effect, the latter might be fixed by other semiclassical consideration of LQG, for instance, the analysis in Ref. [28] . It is interesting to note that the extreme choice of K = a H 4πγ 2 P would give γ = ln 2 π , which coincides with the lower bound of γ obtained in Ref. [27] .
Although the shape of a BH was taken into account in our entropy calculation, it did not contribute to the entropy formula (5) or (6) where the quantum corrections of logarithmic term and K term were included. Our numerical computations indicated that, for a given total area, the entropy decreased as a black hole deviated from the spherically symmetric one. Hence, the shape should contribute certain higher order correction to the entropy, which is worth further investigating.
The entropy formula (5) was speculated from the numerical calculation and the consistency with the results in other approaches. In particular, the logarithmic correction term came from the imposition of the projection constraint (3), and the K term came from the partition of the horizon. The analytic derivation of the entropy formula from generating function (4) is still an open issue which deserves further studying.
Though the SO(1, 1) BF theory description of the IH degrees of freedom was used in this letter, it is straightforward to apply our idea and scheme also to the Chern-Simons theory approaches. The SO(1, 1) BF theory approach with our new scheme can be extended to all dimensional IH with the higher dimensional LQG in the bulk [15, 29, 30] .
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